Some Results on Almost Ricci Solitons and Geodesic Vector Fields. by Sharma, Ramesh
University of New Haven
Digital Commons @ New Haven
Mathematics Faculty Publications Mathematics
2017
Some Results on Almost Ricci Solitons and
Geodesic Vector Fields.
Ramesh Sharma
University of New Haven, rsharma@newhaven.edu
Follow this and additional works at: https://digitalcommons.newhaven.edu/mathematics-facpubs
Part of the Mathematics Commons
Comments
This is the author's accepted manuscript of an article published in Beiträge zur Algebra und Geometrie/Contributions to Algebra and Geometry. The version
of record can be found at http://dx.doi.org/10.1007/s13366-017-0367-1.
Publisher Citation
Sharma, R. (2017). Some results on almost Ricci solitons and geodesic vector fields. Beiträge zur Algebra und Geometrie/
Contributions to Algebra and Geometry, 1-6. doi:10.1007/s13366-017-0367-1
Some Results On Almost Ricci Solitons And
Geodesic Vector Fields
Ramesh Sharma
University Of New Haven, West Haven, CT 06516, USA
E-mail: rsharma@newhaven.edu
Abstract: We show that a compact almost Ricci soliton whose soliton vector
field is divergence-free is Einstein and its soliton vector field is Killing. Next
we show that an almost Ricci soliton reduces to Ricci soliton if and only if
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1 Introduction
The notion of an almost Ricci soliton was introduced by Pigola, Rigoli, Ri-
moldi and Setti [7] as a Riemannian manifold (M, g) satisfying the condition:
£V g + 2Ric = 2λg (1)
where V is a smooth vector field on M , Ric denotes Ricci tensor of g, £X
denotes the Lie-derivative operator along V , and λ is a smooth real function
on M . For λ constant, it reduces to a Ricci soliton. It is called a gradient
almost Ricci soliton if V = ∇f (up to the addition of a Killing vector field).
Barros, Batista and Ribeiro [2] and Barros and Ribeiro [1] have character-
ized compact almost Ricci solitons under some geometric conditions. In this
article, we first prove the following rigidity result.
Theorem 1 If a compact almost Ricci soliton (M, g, V, λ) has divergence-
free soliton vector field V , then it is Einstein and V is Killing.
Remark. If a vector field is Killing, then it is divergence-free. However, the
converse need not be true, in general. Theorem 1 provides a context under
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which the converse holds.
Now we show that the above result holds for a Ricci soliton without the
compactness assumption, as follows.
Proposition 1 A Ricci soliton with divergence-free soliton vector field V is
Einstein and V is Killing.
Next, we recall an operator  which acts on a smooth vector field X such
that X is a vector field with components −(gjk∇j∇kX i +RijXj) in a local
cordinate system xi. Following Yano and Nagano [12] we state
Definition 1 A vector field X is called a geodesic vector field if X = 0.
This definition is different from and should not be confused with a vector
field whose integral curves are geodesics. For details we refer to [12] and
Yano [11]. We note that the geodesic vector field condition is also equivalent
to the condition gjk£XΓ
i
jk = 0 which shows that X preserves geodesics on
the average. Such vector fields were also studied by Stepanov and Shandra [8]
and generate an infinitesimal harmonic transformations. Obviously, a Killing
vector field (£Xgij = 0) and an affine Killing vector field (£XΓ
i
jk = 0) are
special examples of a geodesic vector field. We now obtain a condition for
an almost Ricci soliton to reduce to Ricci soliton as the following result.
Theorem 2 An almost Ricci soliton (M, g, V, λ) reduces to Ricci soliton if
and only if V is a geodesic vector field in the sense of Definition 1.
Next, we recall the following result of [12]: “A vector field X on a com-
pact orientable manifold M is Killing if and only if it is divergence-free and
geodesic,” and show that this result holds without the compactness condi-
tion on a contact metric manifold for X equal to the Reeb vector field. This
provides a new characterization of a K-contact manifold as
Theorem 3 A contact metric manifold is K-contact if and only if its Reeb
vector field is geodesic in the sense of Definition 1.
Finally, we prove the following result for an almost Ricci soliton as a contact
metric manifold.
Proposition 2 If a complete almost Ricci soliton (M, g, V, λ) has V as the
Reeb vector field of a contact Riemannian manifold M with metric g, then
(M, g) is compact Einstein and Sasakian.
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2 A Brief Review Of Contact Geometry
A (2m + 1)-dimensional smooth manifold is said to be contact if it has a
global 1-form η such that η ∧ (dη)n 6= 0 on M . For a contact 1-form η there
exists a unique vector field ξ such that dη(ξ,X)= 0 and η(ξ) = 1. Polarizing
dη on the contact subbundle η = 0, we obtain a Riemannian metric g and a
(1,1)-tensor field ϕ such that
dη(X, Y ) = g(X,ϕY ), η(X) = g(X, ξ), ϕ2 = −I + η ⊗ ξ (2)
for arbitrary vector fields X, Y on M . Following [3] we recall the self-adjoint
operator h = 1
2
£ξϕ. The tensors h and hϕ are trace-free, hξ = 0 and
hϕ = −ϕh. Following formula holds on a contact metric manifold:
∇Xξ = −ϕX − ϕhX (3)
where ∇ is the Riemannian connection g. A contact metric structure is said
to be K-contact if ξ is Killing with respect to g, equivalently. This condition
is also equivalent to:
Qξ = 2mξ (4)
where Q denotes the Ricci operator defined by g(QX, Y ) = Ric(X, Y ). The
contact metric structure on M is said to be Sasakian if the almost Kaehler
structure on the cone manifold (M × R+, r2g + dr2) over M , is Kaehler.
Sasakian manifolds are K-contact and K-contact 3-manifolds are Sasakian.
3 Proofs Of The Results
Proof Of Theorem 1. The g-trace of the almost Ricci soliton equation (1)
and the hypothesis: divV = 0, provides
S = nλ (5)
where n is the dimension of M and S denotes the scalar curvature of g. As
derived in [2] and [9], we have the following formula:
£V S = ∆S − 2λS + 2|Ric|2 − 2(n− 1)∆λ (6)
where ∆ = div(grad) is the g-Laplacian. Following [2] we integrate (6) using
divergence theorem and use (5) obtaining∫
M
(|Ric|2 − λS − 1
2
£V S)dvg = 0, (7)
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where dvg denotes the volume element of (M, g). We note that div(SV ) =
∇i(SV i) = (∇iS)V i + S∇iV i = £V S, because divV = 0 by hypothesis.
Using this and (5) in equation (7) we obtain∫
M
(|Ric|2 − S
2
n
)dvg = 0. (8)
But we also have the relation:
|Ric|2 − S
2
n
= |Ric− S
n
g|2. (9)
Consequently, equation (8) assumes the form∫
M
|Ric− S
n
g|2dvg = 0. (10)
which implies that Ric = S
n
g, i.e. g is Einstein. This can also be written, in
view of (5), as Ric = λg. Using this in (1) shows that V is Killing, complet-
ing the proof.
Proof of Proposition 1. Equation (5) is applicable in this case as well. As
λ is constant for Ricci soliton, S is also constant. Hence formulas (5) and (6)
imply |Ric|2 = S2
n
. Using this in relation (9) we obtain Ric = S
n
g = λg, i.e.
g is Einstein. Finally, (1) implies that V is Killing, completing the proof.
Proof Of Theorem 2. First we take the g-trace of equation (1) and differ-
entiate so as to get
∇j∇iV i +∇jS = n∇jλ. (11)
Next, writing (1) as ∇jV i +∇iVj + 2Rij = 2λδij, differentiating it, and using
the twice contracted Bianchi second identity: ∇iRij = 12∇jS gives
∇i∇jV i +∇i∇iVj +∇jS = 2∇jλ. (12)
Subtracting equation (11) from (12) we immediately obtain
RkjV
k +∇i∇iVj = (2− n)∇jλ
i.e. V = (n − 2)∇λ. Hence λ is constant if and only if V is geodesic,
completing the proof.
4
Remark: It has been kindly brought to my attention by the referee that
the last formula in the above proof follows from equation (2.9) of [2] and
also from equation (3.6) of [6] and Weitzenbock’s formula: ∆X = ∆¯X+QX
where ∆¯ is the rough Laplacian. In order to make this paper self-contained,
we have included the above proof.
Proof Of Theorem 3. By definition, we have
(ξ)i = −(∇j∇jξi +Rijξj). (13)
Next, by Ricci identity we have
∇j∇iξj −∇i∇jξj = Rikξk.
But ∇jξj = 0 for a contact metric, and hence the above equation reduces to
∇j∇iξj = Rikξk. (14)
On the other hand, we have
∇j∇iξj = ∇j∇iξj
= 2∇jϕij +∇j∇jξi
= −2∇jϕji +∇j∇jξi
where we used formula (3) in the second step. The use of formula ∇jϕji =
−2mξi for a contact metric manifold (see [10]) in the above equation provides
∇j∇iξj = 4mξi +∇j∇jξi (15)
Equations (14) and (15) show that
(ξ)i = −2(Rijξj − 2mξi)
This consequence, in conjunction with the K-contact condition (4), com-
pletes the proof.
Proof Of Proposition 2. By hypothesis V = ξ, and hence (1) becomes
(£ξg)(X, Y ) + 2Ric(X, Y ) = 2λg(X, Y ) (16)
5
Now using the formula (3) and the property hϕ = −ϕh we derive
(£ξg)(X, Y ) = 2λg(hϕX, Y ) (17)
Hence equation (16) becomes
hϕX +QX = λX (18)
Substituting ξ for X shows that Qξ = λξ. Hence, applying the following
result of Ghosh [5]:“A complete contact Ricci almost soliton whose soliton
vector field is point-wise collinear with the Reeb vector field is Einstein if
the Reeb vector field is an eigenvector of the Ricci operator” we conclude
that g is Einstein. Tracing equation (18) and noting that div.ξ = 0 gives
S = λ(2m + 1). Hence we get Ric = λg. Substituting it back in (16) gives
£ξg = 0, i.e g is K-contact. As (M, g) is complete and the Einstein constant
is 2m, by Myers’ theorem, (M, g) is compact. Applying the following result of
Boyer and Galicki [4]: “A compact Einstein K-contact manifold is Sasakian”,
we conclude that g is Sasakian, completing the proof.
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